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Control of Missile Dispersion via Roll Rate Modulation

Jennifer Shandling* and Daniel H. Platus}
The Aerospace Corporation, Los Angeles, California

Feedback control via roll rate modulation to limit cross-range dispersion of spinning missiles is investigated.
The dispersion to be controlled is assumed to result from lift variations that do not average out over a roll cycle
when the missile roll rate remains constant. By modulating the roll rate in a prescribed manner through feedback
control, lift nonaveraging and the resulting cross-range dispersion are minimized. Two different approaches to the
feedback control are investigated. In one approach, the roll rate is modulated by feedback of the state variables to
prevent the occurence of lateral velocity increments that produce dispersion. In the other approach; the roll rate is
modulated harmonically about a steady roll rate, and the amplitude of the harmonic variation is controlled to limit

dispersion.

Nomenclature

A, B,C, D, E, F = feedback gains
H(1) = unit step function
' /-1
pitch or.yaw moment of inertia
= roll moment of inertia
= nth-order Bessel function
= roll control moment
= roll moment disturbance
= lift force
= lift force derivative
= missile mass
= complex disturbance moment, m,, + im,
= magnitude of disturbance moment
= moment step
= pitch and yaw disturbances
= roll rate ‘
= roll modulation rate
=y+iz
= Laplace transform variable
= aerodynamic reference area
= time
=y component of transverse velocity
= transverse velocity in cross plane, v + iw
= transverse velocity increment, Av + i Aw
= z component of transverse velocity
= nondimensional ratio A /g; coordinate
= angle of attack
= angle of sideslip
= —m,/m,
= complex angle of attack, B8 + ia
*() = unit impuise function
) = complex angle-of-attack increment

= sinusoidal control parameter

= angle of attack (Euler angle)

= nondimensional roll angle p,t;

t/Aw, /2, Eq. (51)

= moment of inertia ratio, I, /T
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v = aerodynamic damping parameter

v, = yaw moment damping parameter

£ = complex angle of attack, 8+ ia

o =w’/pb

D, = roll angle relative to inertial reference
w = undamped natural pitch frequency
Subscripts

0 = initial value

. = perturbation value

Introduction

OLL-LIFT dispersion of spinning missiles is caused by

nonaveraging of the lift vector in the presence of moment
disturbances that perturb the angle of attack or roll rate.! Lift
nonaveraging can occur either from angle-of-attack variations
at a constant lift precession rate? or from roll rate variations
for a trimmed missile with constant 1ift*> or from a combina-
tion of both lift and precession rate variations. Control of Lift
nonaveraging should therefore be possible by controlling either
the 1ift variations, the lift vector precession rate, or a combina-
tion of both. The latter method was investigated to control the
dispersion of an untrimmed missile in which both angle-of-
attack and lift precession rate feedback were used in the
control law.* In another investigation to control dispersion of
a rolling trimmed missile, angle of attack and angle-of-attack
rate feedbacks were applied to pitch and yaw control mo-
ments at a constant roll rate.’

In this paper we consider only roll rate modulation about a
steady roll rate to control lift nonaveraging. Roll modulation
complicates the analysis because the missile equations for
complex angle-of-attack motion contain roll rate terms in the
coefficients. The equations are linear for a constant roll rate
but become nonlinear when the roll rate is time dependent.
The magnitude of the roll coupling depends on the coordinate
system used to describe the complex angle-of-attack motion.
Both body-fixed and aeroballistic coordinates are used to
investigate different feedback controls. The advantages and
disadvantages of the different coordinate systems become
apparent.

Analysis

Formulation

Small-angle complex angle-of-attack motion for a spinning
missile is expressed in body-fixed coordinates, Eq. (1), and in
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aeroballistic coordinates, Eq. (2):
§+[v+ip(2-n)]é
+H{P—p*A-p)+i[p+p(r—2,)]}8=im, (1)
£+ (v—ipp)é+(w?—ipy,) = im,ei/?d' (2)

The complex angles of attack in these two coordinate systems
are related by

£=586 (3)

where ‘I> is the roll angle in inertial space, defined by

q>=fpdt (4

Lift nonaveraging caused by lift and/or roll variations pro-
duces a transverse velocity in the cross-plane with respect to
inertial coordinates

V=uv+iw (5)

By considering the missile as a point mass under the action of
a rotating lift force, we can write the transverse velocity as an
integral of the lateral acceleration:

Ly (i .
v=v(0)- -2 fo ‘8eilrat 4y (6)

V=¥(0) — %n’ifots d (7

where Eq. (6) is in body-fixed coordinates and Eq. (7) is in
aeroballistic coordinates. The lift force derivative L, is as-
sumed constant over the time duration of the roll-lift varia-
tions. The roll acceleration,

p=(L+1)/1L, (®)

is the response to a disturbance moment /, and a control
moment /.. The objective of the study is to define /, in terms
of measurable feedback parameters to minimize lift nonaver-
aging. In one approach the control moment is expressed as a
function of state variables, and the feedbacks are determining
such as to minimize the transverse velocity increments pro-
duced by pitch or yaw moment disturbances. In another
approach, the roll rate is modulated harmonically about a
steady-state value and the amplitude of the harmonic varia-
tion is determined to limit dispersion. Because the equations
are nonlinear with nonconstant roll rate, suitable approxima-
tions must be made in order to estimate the feedback effec-
tiveness analytically. Roll disturbances are not included for
simplicity.

State Variable Feedback

In this approach, the control moment /, is assumed to be a
linear function of the state variables of the form

p=%=AAa+BA,B+Cd+Dﬁ+Efa+FfB )

The equations of motion are linearized in the body-fixed
coordinates by taking small perturbations 8§, and p, about
quasi-steady values 8, and p,, .

d=208,+46, (10)
P=pytp. (11

and neélecting higher-order terms. It is assumed that there is a
means of sustaining a steady trim angle of attack §,.
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The resulting linear control equations in terms of the per-
turbations are

8.+ [v+ipo(2— )8, + [ —p3(1—p) +ipy(v—5,)] 6,
+{2P0P+(1_I")+i[p++P+(V_”m)]}80=imt (12)

p.=Aa,+BB, +Céa,+ DB, +Efa++F/,B+ (13)
The transverse velocity is expressed as
' Ly ¢ it
V(1) = ¥(0) - p—oiﬁfo(sﬁme erdr (14)
where we have defined A as

oy
A= —/d 15
jo\po T (15)

and changed to a nondimensional roll angle variable t defined
by '

dr=p,ds (16)

We assume a steady-state condition initially, defined by the
conditions p =p, and 6 =8, at ¢+ =0. The transverse velocity
is evaluated in terms of &, and p_ as follows: The upper
limit of the integral in Eq. (14) is taken to be sufficiently large
to include the time duration of the perturbations. Without loss
of generality this limit can be taken as o0, and Eq. (14) can be
written in the form

V=v(0) - 2 [TF(r)eind 17
VO - [TRear (1)
where

F(r)=(8,+8,)e?® (18)

From the definition of the Laplace transform,

F(s) =2[F(r)] = /0 “F(r)e " dr (19)

the integral in Eq. (17) is observed to be the Laplace trans-
form of F(r) with s = —i, or
V="(0) = (Ly/pom)[ F(s5)],- . (20)

where F(s) is obtained in terms of &, (s) and A_(s). By
expanding the exponential in Eq. (18), we can approximate
F(s) by

F(s) = —iﬂ +8+(s) +i8A(s) +iZ{ 8, (T)A(7)}
ety (21)

Equation (20) for the net transverse velocity increment V' — .
V(0) produced by a moment disturbance can now be written
as

AV = ;Oﬁf [8+(s) T iBA(s) +i2( 8, (T)A(r))
_%Q’g{)\z(,,)} + ...]s=_i (22)

where the initial-value contribution from §,/s in Eq. (21) is
ignored.
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Solution for Control

Control feedbacks that minimize dispersion are those that
minimize AV in Eq. 22. We examine the conditions needed to
cause AV = 0, which requires

AV=(Lo/pem) [ F()]eei=0  (23)
F(-i)=0 (24)

Examined first is the case of a nonzero initial angle of attack
8. A first-order approximation to F(s) is

Fi(s)=8.(s) +i8A(s) (25)
which, with Egs. (12), (13), and (15) and the zero-dispersion

condition of Eq. (24), yields the following expression for the
feedback gains, for an arbitrary moment disturbance m,:

m, /8, =[M{[G] +i[H]}[K] (26)
where
[M]=[m, m,]
__ (e+)
1o} R{(e-1)" -4}
% po(c—1) 0 0 —-2p2 0 2
0 -po(o—1) —2p2 0O 2 0
[H] - (a+1)

n{(e—1)" -4}

o 0 —2p —pi(e-1) 0 o—1 0
~2p, O 0 pHe-1) 0 —(s—1)

[K}"=[4 B ¢ D E F] (27)

Gains are given in Table 1 for derivative, proportional, and
integral control with the disturbance moment about either the
y or z body axis and 8, = ia,. Control is feasible with a single
feedback variable, and the feedbacks are independent of the
type of disturbance (i.e., impulse or step). For an arbitrary
moment disturbance with components in both the y and z
directions, two nonzero feedbacks are required to satisfy Eq.
(26). They depend on the ratio of the directional components
of the disturbance.

For the case of zero initial angle of attack, §,=0, the
expression for F(s), Eq. (21) reduces to

F(s) =8.(s) +iZ[8,(1)A(7)]
—32[8.(HN()] + - (28)

Table 1 Gains® for 8, = ia

Control type
Moment Derivative Propoftional Integral
direction p=Ca p=BB, p=E f a,
m, 1 Po(a—1)/2 , ~p
m, —(6—-1)/2 ~Po pao—1)/2

3Gain = k X (expression from table), -where k= P6 [(o — 1)?
—4)fag(0? —1).

J. GUIDANCE

The first-order approximation will no longer hold because the
feedbacks do not appear in any linear terms. A second-order
approximation to F(s) is

F(s) =8,(s) +iZ[8.(1)N()] (29)

The solution for zero dispersion is found from Eq. (24). The
first term in Eq. (29) is easily evaluated. The higher-order term
must be evaluated using a Laplace transform multiplication
theorem®: If f,(¢) and f,(f) are Ztransformable functions
having the # transforms F(s) and F,(s), respectively, and if
F,(s) = A,(s)/B,(s) is a rational algebraic fraction having ¢
first-order poles and no others, then

LAWAM]= L B g0y (o)

k=1 B{(Sk)
By substituting f,(¢) =8_,(7) and f,(¢) =A(r) into Eq. (30)
and setting s = —i, we can obtain the second-order term.

For an impulsive moment disturbance the solution required
for m,=m, is

E ,
my(2p0B —piC+ m) +ipg[4(e+1) —1]1=0 (31)

and for m,=im,

F .
mz(ZpOA +p2D— m) +ipj[4(c+1)] =0 (32)

No solution exists. Addition of the third-order term in F(s)
gives the same result. An impulsive moment in uncontroliable
by this approach. There is no steady-state angle of attack to
provide the lift force required for control.

For a step moment disturbance about the y or z axis, the
solution requires onme nonzero feedback. The gains are in-
versely proportional to the magnitude of the disturbance and
become quite large for small disturbances. The resulting roll
rate excursions violate the perturbation approximation |pg]
> |p. |, which suggests that the control is ineffective.

Numerical Examples

The equations of motion, Egs. (1) and (6), were integrated
numerically for both open- and closed-loop responses to im-
pulse and step moment disturbances. Cases for nonzero initial
angle of attack were evaluated for the inputs and system
parameters shown in Table 2. The gains are summarized in
Table 3.

Open- and closed-loop dispersion velocity responses to an
impulsive moment about the y axis are shown in Figs. 1 and
2, respectively. The impulse was approximated by a rectangu-
lar pulse of 0.0001 s. The magnitude of the disturbance was
such that the open-loop angle-of-attack oscillation had an
amplitude of roughly 0.1 deg. The closed-loop example is a
case with derivative control where p = Ca. The open-loop

Table 2 Inputs and system parameters

m=122.68 kg
Lg=3.275 X 10° N /rad
po=107 rad/s
a=24 ‘
p=0
r=90
®(0)=0
v(0) = —40.109 m/s
w()=0
a(0)=5 deg
B(0)=0deg
m,, (steady state) = 1980.96 572
m, (steady state) =0
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Table 3 Gains for oy =5 deg

4 B C D E F
m, 0 118,755 330 0 -324410 0
m, 0 —10325 —3780 O

3,730,730 - 0

mean value of the dispersion velocity w is —0.16 m/s. With
the closed-loop proportional feedback, the mean value of the
dispersion velocity becomes virtually zero.

The response to a step moment resulting in a 0.1-deg step in
B is shown in Figs. 3 and 4. The open- and closed-loop
cross-plots of the transverse velocities are shown. The mean
value of the dispersion velocity is reduced from an open-loop
value of 0.8 m/s to a closed-loop value of zero.

Sinusoidal Feedback

The missile response to a sinusoidal roll rate modulation of
the form

P =p, + Asingt (33)

is examined in order to determine the parameters A and ¢
required for effective dispersion control. It is convenient for
this analysis to use the aeroballistic equations of motion for
the complex angle of attack, Eq. (2), which, with the roll rate
behavior, Eq. (33), can be written as

4 (v— ip.p)é+ (w2 - ipvm)£
= im,exp(i{ pot + £[1 — cos(gt)]}) (34)

where ? is the nondimensional ratio A/q. For A small relative
to p,, the roll coupling on the left side of Eq. (34) is very weak
because p and v, are, in general, small terms. For a first-order
approximation to the roll modulation we assume zero damp-
ing v =y, =0 and p =0, which reduces Eq. (34) to

£+ o =imexp(i{ por+2[1—cos(q)]})  (35)

With these approximations it is apparent that the response to
an impulsive moment m, with zero initial angle of attack is
not controllable, because the right side of Eq. (35) is defined
only at ¢=0 and is therefore independent of roll rate. Con-
sider the response to a moment step m,= —im,=mH(t).
Equation (35) can be written

£+ w*t=mH (1) e *+Po{ cos[ 2cos( gt)] — isin Zcos(gt)] }

(36)

where the sinusoidal terms can be expanded in terms of Bessel
functions with the relations’

cos( £cos8) =Jy(2) +2 i (=1 1, (8)cos(2k8) (37)
k=1

sin(2c0s0) =2 Y, (=1)“1,.1(2)cos[(2k +1)8] (38)
k=0
Equation (36) becomes

£+ W =mH(1) TP J(5) — 2J,(2)cos(2qt)
—i[2J,(%)cos(gt)
—2J5(2)cos(3¢gt) + - -1} =mH(t) e"?FPo?)

+2J,(8)cos(4qt) — - --

X[ (2) + -+ +2(=i)"J,(2)cos(ngt) + -+ ]  (39)
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Fig. 1 Open-loop response to moment impulse. Dispersion velocity
cross-plot.
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Fig. 3 Open-loop response to moment step. Dispersion velocity
cross-plot.
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The Laplace transform of Eq. (39) gives

=g
L 2A=D" R ip0) | } (@0)
(S*lpo) +(ng)’ :
the inverse of which is
£(1) = .'_”e_JO_Q[ iPot — cos( wt) — i%OSin(wt)] +
metr () -i)" ——————1
+mam)<){wtwm+wﬁ
x [ei(po+nq)t — cos( wt) — L(—‘—%w—lh—nq)sin( wt)]
+ ___._l_____ [ e (Po—ngq)t
W= (po— nq)
—cos(wt) — i(—p(%ﬂlsin(wt)]} (41)

The transverse velocity, Eq. (7), is obtained by integrating
£(¢) in Eq. (41). The result is

V(1) = - L,me%J,(2) { ePo'—1  sin(wr)

m(wz—pg) ipo w
ip Lyme'], (2)(—i)"
—w—g[l—cos(wt)]}+ o2 =

1 { Pt 0t _ 1 sin(wt)
X 54 = -
@~ (po+ng)* (potmng) e

_ i_(PL‘;"_q)[l - ¢05(wt)]} * m

Pt 1 sin(wt) i(py—nq) — cos( w
{ i( po—nq) w w? [1 = cos( t)]})
)

For p, equal to mteger multiples of g, a singularity occurs at
n=n,, where p,—n,g=0. If we let p,—n,g=¢, we can
obtajn the value of the singularity as ¢ - 0. The singular term
in Eq. (42) having p, — ng in the denominator can be written

o i€t ‘ol _ '
]jm(e : 1)=Hm(coset+{s1nct 1>zt (43)
€0 1€ €0 i€ .

We are interested in the steady-state, or DC, component of
V(t), which is found to be

iLy0r e 2(=i)"J,(2)
V;teadystate _—znp—- [J ( ) + - ——-/—p—_
+~.u—wu43eq%ﬂ (a4

where m has been replaced by w6, §, being the magnitude of
the trim step. In the limit as'A and £—0, J,(2)—1 and
J,(£) = 0, and Eq. (44) reduces to the open-loop value for the
transverse velocity increment due to a trim step.
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Fig. 4 Closed-loop response to moment step. Dispersion velocity
cross-plot.
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Fig. 5 Open-loop response to moment step. The w component of
dispersion velocity.

Numerical Examples

Undamped responses to a step moment with and without
the roll modulation were obtained from numerical integration
of the equations of motion. The open-loop response of the w
component of dispersion velocity is shown in Fig. 5. The mean
value, caleulated from Eq. (44), with 2=0 is w=0.802 m/s.
The example with roll modulation is the case where g=p,
(Fig. 6). The roll control is

b =50mcos10mt (45)

The amplitude is such that the A of Eq. (33) is roughly equal
to 5. The steady-state response of the w velocity component is
predicted from Eq. (44) w1th n=0,1 and n,=(p,/q)=1 to
be

w =1.980¢ — 0.791 (46)

The mean value of w approximated by Eq. (46) agrees well
with the value obtained numerically (see Fig. 6) and demon-
Strates a capability to compensate for lift nonaveraging disper-
sion. If we consider the amplitude A of the roll modulation
term to be an equivalent control deflection, we can write a
control law of the form

A= —Ar—Bf—cfrdt (47)
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where 7 is the missile cross-range dispersion. The control loop
is shown in Fig. 7. A first-order approximation to the feed-
back gains can be obtained from the steady-state response to a
moment step, Eq. (44). For small values of 2 = A /¢, the Bessel
functions J,(2) for n>1 are small relative to J,(£) = 1, and
the singularity term dominates the response. For the case
q = p,, the steady-state transverse velocity is approximately

iLyO €™
mpy

vt+iw=—

[75(2) = in(2)(3 ~ ipo1)]
With e? =1, Jy(2) =1, and J,(2) = 2/2, the w component is
= —wo(1—t4/2) (48)

where wy= Ly0;/mp, is the open-loop response. If we let
r =z and consider proportional control only, the dispersion z
from Egs. (47) and (48) is described by

P+ wodtz/2=—w, (49)

The solution to Eq. (49) is
—Awgt? /4 T Awgt? /4
2(1) = e /4 )y [eo™ A dr+2(0) | (50)
' 0

which, with the change of variable 7=1/4w, /2, can be

written as
z(r)=— ‘/ lVA_o e_’zjﬂeTz dr (51)
0

where
D(r)=e [Te™ dr (52)
0
B <) e I I B R R E E B
121
09  STEADY-STATE -
» 06L RESPONSE, EQ. (46) |
=
—= 03 /\ \ —
B —
=
8 -03 P o —
= 06\ _--1" -
—09f5 -4
121 —
Y N T V7, (S O S N [ T
"0 01 02 03 04 05
TIME (t), s

Fig. 6 Roll modulation response to moment step. The w component
of dispersion velocity.
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Fig. 7 Roll modulation control loop.
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Fig. 8 2a) Open-loop response to moment step. The z component of

dispersion. b) Closed-loop response to moment step. The 7 component
of dispersion.

DISPERSION (z), m

The function D(7), known as Dawson’s integral, is tabulated.”
We can select a value for the gain 4 to limit z(7) to some
prescribed fraction of the open-loop dispersion w,z. Shown in
Fig. 8 is a comparison of the open- and closed-loop response
for a gain of 4 =100, which from Eq. (51) should give a
closed-loop response approximately 15% of the open-loop
value at ¢t = 0.45 s. The undamped oscillation is not an accept-
able closed-loop response. Damping should be included also
with the feedback Bf.

Conclusions

Cross-range dispersion resulting from lateral moment dis-
turbances can be controlled by modulating the roll rate with
the presence of a body-fixed trim. Without an initial trim
angle of attack, the dispersion is uncontrollable. Feedbacks
that cause the transverse dispersion velocity to average zero
can be calculated by linearizing the equations of motion in
body-fixed coordinates and obtaining a solution in the Laplace
transform domain without the need to invert the transformed
equations. A first-order solution is sufficient and shows the
gains to be independent of the type of moment disturbance
(either impulse or step). An alternative feedback control ad-
justs the amplitude of a small harmonic modulation of the roll
rate about a steady value. The roll modulation frequency
required for effective control is derived in the aeroballistic
coordinate system, which results in minimal roll coupling with
the complex angle-of-attack motion. A quasi-steady solution
for dispersion velocity with constant-amplitude roll modula-
tion is then used to derive a control law to limit dispersion. A
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first-order approximation for the feedback gain produces an
undamped response that agrees well with predicted values for
the magnitude of dispersion relative to the open-loop response
to a moment step. Damping should be included in the feed-
back to obtain an acceptable closed-loop response.
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